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We prove the existence and the uniqueness of a fixed point for the pair of weakly compatible self-mappings

satisfying some ¢—type contractive conditions in A—metric spaces. Our results generalize, extend recently

fixed point results in the literature.
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I. INTRODUCTION AND PRELIMINARIES

Fixed point theory plays a major role in many application-
s, including variational and linear inequalities, optimization
and applications in the field of approximation theory and min-
imum norm problem. In 1922, S. Banach proved the famous
and well known Banach contraction principle concerning the
fixed of contraction mappings defined on a complete metric
space. In recent years, Gahler [1, 2] introduced the notion of
2-metric spaces, while Dhage [3] introduced the concept of
D-metric spaces. Later on, Mustafa and Sims [11] introduced
a new notion of generalized metric space called G-metric s-
paces. After then many authors studied fixed and common
fixed points in generalized metric spaces see [8, 1017, 20].
Next, S. Sedghi et al [18] introduced a D*—metric space, In
[9], S. Sedghi, N. shobe and A. Aliouche have introduced the
notion of an S-metric space. A generalization of the S-metric
space is called the A—metric space see [19] Moreover in [13],
we find some properties of A—metric spaces were represented.
In the present paper, we going to prove the existence and the
uniqueness of some common fixed point theorems by using
a @— contractive mappings on A—metric space. The results
obtained in this paper extend some recently fixed point in the

S—metric spaces and in the G—metric spaces.

Definition 1 [4] Let X be a nonempty set. An A-metric on X"

is a function A 1 X x X x --- x X = X" — [0,0) that satisfies

the following conditions, for each x = (x1,x2, -+ , %) € X"
(AD): A(xy,x2,++,x,) >0
(A2): A(x1,x2,++,x,) =0ifand only if x; =xp = --- = x,

(A3): A(XI;XZa"' ,Xn) < A(xlvxlv"' axlaa) +
A(XZ;xZa"' ax2aa)+

oo+ AXp, Xpy e X, a) forall x,a e X, i€ {1, n}
The pair (X",A) is called an A—metric space.

Example 2 [4] Let X = R. Define a function A : X" — [0, )
by
n
Alxr,xg, - x) = Y Y |xi—xj]
i=li<)

Then (R",A) is an A—metric space.

Example 3 [4, 13] For a ste
ndart ordinary metric d on X, we define an A—metric Ajon

X" by

Ap(x1,%2,7 0, Xn)) = izd(xbxj)

i=1i<j

called the stendart A—metric space.



Lemma 4 [4], [5] Let (X,A) be an A—metric space. then for

all x,y,z € X., we have

A('x7x7"' 7x?y) S (11— ])A(xaxa"' ax7Z)+A(Z>Z7"' 7Zay)
and
A(x,x,-~~ ,X,Z) < (ni 1)A(xax7"' 7x7y) +A<y7y7"' ,y,z)

Definition 5 [4] Let (X,A) be an A—metric space. For r >0
and x € X we define the open ball Bs(x,r) and closed ball

B [x,r] with center x and radius r as follows respectively

BA()C,)") = {yGX :A(yvya"'y7x) < r}

Balx,r] ={y€X :A(y,y,"--y,x) <r}

Definition 6 [4, 13] Let (X,A) be an A—metric space and
QCX.

If for every x € Q there exists r > 0 such that Ba(x,r) C Q
then the subset Q is called open subset of X.

Definition 7 [4] Subset Q of X is said to be A—bounded if
there exists r > 0 such that A(y,y, - y,x) < r forall x,y € Q

Definition 8 [4] Let (X,A) be an A—metric space. A
sequence {x,} in X converges to x if and only if
A(Xy,Xn, -+ yXn,X) = 0 as n — oo. That is or each € > 0 there
exists ny € N such that A(X,, Xy, -+, Xn,X) < € whenever n > ng

and we denote this limx, = x
n—o0

Lemma 9 [4] Let (X,A) be an A—metric space . If the se-

quence {x,} in X converges to a point x, then x is unique.

Definition 10 /4] Let (X,A) be an A—metric space

A sequence {x,} is called Cauchy sequence if
A(xp, X, s X, x) — 0 as nym — oo, That is or each
€ > 0, there exists ng € N such that A(xp, Xy, ,Xn, Xm) < €

whenever n,m > ny.

Lemma 11 [4] Every convergent sequence in A—metric s-
pace is a Cauchy sequence. The converse does not hold in

general.

Definition 12 [4] The A—metric space (X,A) is said to be

complete if every Cauchy sequence in X is convergent.
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Let 7 be the set of all Q C X. with x € Q if and only if there
exists r > 0 such that B4 (x,r) C Q. Then 7 is a topology on X

( induced by the A—metric space).

Example 13 Any open ball By(x,r), x € X , r > 0 is an
open set. Indeed, Let y € Ba(x,r), we prove that Bs(y,p) C
Ba(x,r), let z be an element of Bs(y,p) then by definition,
Then, it fol-
,2,y) +
Ay,y,-++,3,x) <r. So, we have A(z,z,---,z,y) <r, and

—A(yy, .y,
we have A(z,z,--,z,y) < p = AR

lows from lemma 4,A(z,z,--+ ,z,x) < (n—1)A(z,2, -

€ Ba(x,r).
Example 14 Let xg, yo € X, considering the sets
Bi={xeX:A(x,x,,x,x0) <A(x, %, ,%¥0)}
and
By={xeX:A(x,x, - ,x,x0) > A(x, %, ,%,¥0) } }

Biand B, are two open disjoint sets. We prove

that the sets B,
A(Z,Z, te ,va())
plies 0 < A(Z?Z7"'7Zay0)
_ A(zz,290) —A(z,2,2%0)
p= 2(n—1) :
Indeed, let a € BA(z,p) then

A(Z,Z,”'

and By are opens. Let z € By

then < A(z,z,---,z,y0) which im-

—A(z,2,--+ ,2,%) Setting

We show that B(z,p) C Bj.

aZaYO) *A(Z,Z, tU ,Z,X())

2(n—1)

Ala,a,--- ,a,z) <p =
therefore
2(n—1)A(a,a,--- ,a,2) +A(z,2, - ,2,%0) <A(2,2,** ,2,)0)5
50,

(n_ I)A(a’av“' 7a7Z)+A(Z7Z7“' ,Z,Xo) <A(Z,Z7"' 72,YO)

_(n_ I)A(a7a7"' 7(172),

Hence by lemma 4 ,we get

A(a,a,--- ,a,xo) < (n_ I)A(a7a7"' 7(1,Z)+(i’l— I)A(a7a7"' ,a,Z)

<A(Z7Z7"' aZ’)’O) - (n_ I)A(a7a7"' 7a7Z)

S A(a,a, e 7aay0)
This means that A(a,a,--- ,a,x9) < A(a,a,--- ,a,yo); the de-
sired result follows. With the same way we prove that B; is an

open set.



Theorem 15 The A—metric space is a Tyspace.
Proof. It follows from the example14 m

Definition 16 [8] Let f and g be singled-valued self map-
pings on a set X. If ® = fx = gx for some x € X, then x is

called a coincidence point of f and g .

Definition 17 [8] Let f and g be singled-valued self map-
pings on a set X. Mappings f and g are said to be weakly
compatible if fx = gx implies fgx = gfx, x € X.

Proposition 18 [8] Let f and g be weakly compatible self
mappings on a set X. If f and g have a unique point of coinci-

dence W = fx = gx, then @ is the unique common fixed point

of fand g.

II. MAIN RESULTS

Let ® denotes the class of the functions@ : [0,00) — [0, 0)

which satisfies the following conditions:

1. ¢ is nondecreasing

2. lim¢"(z) =0forall 7 € [0,00)

n—seo

3. 9(0)=0
4. ¢(t) <t forallt € [0,00)
The elements of ® are called ®—map.

Lemma 19 Let (X,A) be a A—metric space and let {x,} be

a sequence in it such that

}E}IgOA(xn+17xn+17 T 7xn+laxn) =0

If {x,} is not a Cauchy sequence, then there exist an € > 0
and two sequences {my} and {ny}, nx > my > k of positive

integers such that the following sequences tend to €

A(xmkaxmka c 7xmk7xnk)7A(xmkaxmk7 s Xy X1

A(xmkfl s Xmp—15""" s Xmy—1 7xnk)aA(xmk7] s Xmy—15""" s Xmy—1 ;xnk+])
Ay —15Xm—15 " > Xmp— 15 X1 )5 -

when k — oo.
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Proof. Suppose that the sequence {x,}is not a Cauchy se-
quence, then, there exists € > 0 and subsequences {xmk} and

{xnk} such that n; > my > k and
A(xmkvxmka Tt axmk7xnk) >¢€and A(xmkaxmkv e 7xmkaxnk71) <E&
Then using lemma 4 and (A3) we have

£ SA(xmk;xmkv' o 7xmkaxnk) :A(-xnk;xnk7"' 7xnk7xmk)

S 2(7’l_ I)A(xnk7-xnka e ;xnkaxnk—l) +A<xmk7xmk7' o 7xmkaxnk—1)

< 2(” - I)A(xnkzxnk; e ;xnkaxnk—1> + €
Hence by going to the limit, we get

€ < imA (X, Xy, =+ 5 Xy s X)) <04 €

k—yoo
Therefore klEnA(xnk,xnk, e Xy Xy ) =
kli_r)nA(xmwx,,,k7 “+ Xy ,Xp, ) = €. Further, as
‘A(-xnernk? e axnk7xmk) 7A(-xnk+1 a-xl’lk+1 P 7xnk+l 7-xmk)’
< 2(” - 1)A(xﬂk+1 s X157 s Xny+1 ,Xnk)
we obtain that
kli_inA(xnkaxnkv T 7xnkaxmk) = ggnA(xnk-H yXng+1,""" ax11k+17xn1k) =€

Analogous, it can be proved that

A(xmkflaxmkfl ) Xmy—1 ;xnk,l)aA(xmkflaxmkfl )t 7xmkflaxnk+1)7
A(-xmk+l s Xmy+157 " s Xmy+1 a-x}’lkJrl)a e
tendsto €. ®

Theorem 20 Let (X,A) be an A—metric space. Suppose that
the mapping f,g : X — X satisfy

A(gX],gX],"' ,f)Cl),

A(gXZagXZa"' afo)a
A(fxl,fxz,---,fxp)ﬁ(p max

A(nghgx[h e 7fxp)
()

forall x = (x1,x2,---,x,) € XP. Where the function ¢ € ®.
If the range of g contains the range of f and one of f(X) or
g(X) is a complete subspace of X.Then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly

compatible, then f and g have a unique common fixed point.



Proof. Assume that f and g satisfy the condition (1). Let xo
be an arbitrary point in X. Since the range of g contains the
range of f, there is x| such that gx; = fxo. By continuing the
process as before, we can construct a sequence {gx,} such
that gx, = fx, 1 for all p € N. If there is p € N such that
8xp = fx,_1, then f and g have a point of coincidence. Thus
we can suppose that gx,, | # gx), for all p € N. Therefore for

each p € N, we obtain that

A(gxpagxpa s 'gxp+1) :A(fxpflvfxpflv'” 7fxp)
< (P(maX{A(gxpflagxpflv' o »fxpfl)v
A(gxpflagxpfl,"' afxpfl)a”'a

A(8xp,8%p, -, fxp)})

< @(max{A(gxp—1,8%p—1, ", fXp—1),
A(8xp,8Xp, -+, fxp)})

< @(max{A(gxp—1,8%p—1, " ,8Xp),
A(8xp,8Xp, -+ ,8%p+1)})

If
maX{A(gxp*l y8Xp—1,° " agxll)aA(gxpvgxpv e 7gxp+1)}
:A(gxpagxpa e )g'prrl)

then

A(gxpagxpa . 'gprrl) < (p(A(gx,,,gx,,, T agxp+1))
<A(gxp7gxp7”' agx]ﬂrl)

which leads to a contradiction. This implies that

A(g'xlhgx]h o 'gxp+1) < A(gxpfhgxpflu e 7gxp)
That is, for each p € N, we have
A(gxpagxpa o 'g—xp+1) :A<fxp—17fxp—17 e 7fxp)
S (p(A(g'xp—lagxp—h T agxp))

< (pz (A (gxp—Zagxp—2> T 7g-xp—1)

S (PP(A(ngagx()v e 7g-xl)

So we have limA(gx,,gxp,---gxp+1) = 0. Now we prove
p—roo

that {gx,} = {fx,—1} is a Cauchy sequence. Suppose that

54

{gx,} = {fxp—1} is not a Cauchy sequence, then there exist
an € > 0 and two sequences {my} and {n;}, ny > my > k of

positive integers such that the following sequences tend to €

when k — oo:
A(gxmk+1 y8Xmy+15" " 8Xmy+158Xny+1 )’ A(gxmkagxmkv e

(2
Putting now in (1) x, = x;,, for p=1,2,--- ,n— 1 and x, = X,

we obtain

A(gxmk+17gxmk+1, e 78ka+1a8xnk+1)

= A(f X, fXmgs = s [ fony)

< @(max{A(gXm;, 8Xmy s+ » &¥mys [Xmy )5 »

A(8Xmy, 8%my s+ 8Xmy [Xmy ), A (8 8Xmyes ™+ 8%Xmes [Xm, ) })

< @(max{A(gXm;, 8Xmy, "+ s &Xmy &xmy+1)5
A(8%ny, 8%+ » 8Xmye 8¥my+1) })

If

A(gxmk,gxmka Tt 7gxmkygxmk+l),

max
A(gxnk7gxnk7 T ,gxnk7gxnk+1)

= A(gxmkagxmka T 8Xmy 7gxmk+1)

and since A(gXp, , 8%my, "+ »&%m; » 8Xm+1) > 0 we have

A(gxmk+l )g'xkarl PR 7g-xmk+] ,gxnk+] )

S (p(A(g'xmk7gxmk7 e 7g-xmk7g-xmk+l ))

< A(gxmk,gxmk, e 7gxmkagxmk+l)

by going to the limit as kK — oo we obtain

e< ]}E}n (P(A(gxmkagxmk» e 7g-xmk7g-xmk+1) < 0

Contradiction.

Analogous, If

7gxmk7gxmk+l)a

A (gxl’lk bl gxnk PR} g-xnk I gxnk+1 )

A(gxmkvgxmkv e
max

= A(gxi1k7gxnk7 e 7gxnkagxnk+l)

we got a contradiction.
So, it follows that {gx,} = {fx,—} is a Cauchy sequence.
By the completeness of g(X) or (f(X)), we obtain that {gx, }

is convergent to some ¢ € g(X). So there exists a € X such

+ &%my - 8Xn; )



that ga = q. We will show that ga = fq. Suppose the contrary,
ga # fa. By (1), we have

A(gxp,8%p,...,8%p, fa)
:A(f-xp—hfxp—la' .. 7f-xp—17fa)

A(gxpfl,gxpflv'-'agxpflvgxp)a
S ¢ | max A(gxp—l7g-xp—17'"agxp—17gxp)7
A(ga,ga,-~~ agavfa)
A(8Xp—1,8%p—1s---,8Xp—1,8%p),
< o [ max (gplgpl gplgp>
A(ga7gaa"' 7ga7fa)
If
A(gxpflvgxpflv'-'agxpflvgxp)a
¢ | max
A(ga7ga7"' ,ga,fa)
= A(gXp—1,8Xp—1,---,8Xp—1,8%p)
we obtain

A(gxp7gxp7 e agxpafa) S (P(A(g-xp—hgxp—l; e 7gxp—17gxp))

<A(gxp71agxp717' "7gxp71agxp)

by taking p — o, we have A(ga,ga, - ,ga, fa) = 0 and so

ga = fa.
If

A(gxp—l7g-xp—17'"agxp—17gxp)7
A(ga7ga7 e ,g(l,f{l
:A(ga7ga7' o 7ga7fa)

¢ | max

we obtain

A(gxpvgxlh s :gxpafa) é (P(A(gaaga7 e 7gavfa))
by taking p — oo, we have

A(gaagaa T ,ga,fa) < (p(A(ga,ga, e agaafa))
< A(gavgav T 7gaafa)
which leads to a contradiction. Therefore ga = fa.

‘We now show that f and g have a unique point of coincidence.

Suppose that fI = gl for some [/ € X. By applying (1), it fol-
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lows that

A(ga,ga,...,ga.gl) =A(fa, fa,....fa,fl)
< @(max{A(ga,ga,...,ga, fa),
A(ga,ga,...,ga, fa),
A(gl.gl,-- 8l f1)})
=0

Therefore ga = gl. This implies that f andg have a unique
point of coincidence. By proposition 18, we can conclude

that f andg have a unique fixed point. m

Corollary 21 Let (X,A) be an A—metric space. Suppose that
the mapping f,g: X — X satisfy

A(gxhgxla"' ,f.X]),

A(gx27gx27"' 7fx2),
A(fxlafx27"'afxp)§k max

A(gx[)vgxpa T 7fx17)

for all x = (xi,x2,---,x,) € XP. Where the constant k €
[0,1). If the range of g contains the range of f and one of
f(X) or g(X) is a complete subspace of X.Then f and g have
a unique point of coincidence in X. Moreover, if f and g are
weakly compatible, then f and g have a unique common fixed

point.

Proof. Putting ¢(¢) = kt,t > 0,z € [0,1) in (1), the result

follows. m

Theorem 22 Let (X,A) be an A—metric space. Suppose that
the mapping f,g : X — X satisfy

(P(A(gxhgxlv'” ,fX])),

Algxngis- - . f12)).
A(fxy, fxp,-- ’fxp) < max (p( (gx2,8%2 fo))

(P(A(gx,,,gxp, t 7fxp))

forall x= (x1,x2,---,x,) € XP. Where the function ¢ € ®.
If the range of g contains the range of f and one of f(X) or
g(X) is a complete subspace of X.Then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly

compatible, then f and g have a unique common fixed point.



Proof. The proof is very similar to the proof of theorem 20,

so, we omitted it.

Theorem 23 Let (X,A) be an A—metric space. Suppose that
the mapping f,g: X — X satisfy

A(fxlafx27”' 7fx]1) S (P(A(gxlagx27"’ 7gxpflagxp)) (3)

forall x= (x1,x2,---,xp) € XP. Where the function ¢ satis-
fies Sli}rg(p(t) <t for all t > 0. If the range of g contains the
range of f and one of f(X) or g(X) is a complete subspace
of X.Then f and g have a unique point of coincidence in X.
Moreover, if f and g are weakly compatible, then f and g have

a unique common fixed point.

Proof. Assume that f and g satisfy the condition (3). Let xo
be an arbitrary point in X. Since the range of g contains the
range of f, there is x| such that gx; = fxo. By continuing the
process as before, we can construct a sequence {gx,} such
that gx, = fx, | for all p € N. If there is p € N such that
gxp = fx,_1, then f and g have a point of coincidence. Thus
we can suppose that gx,, | # gx,, for all p € N. Therefore for

each p € N, we obtain that

afxp)

S (p(A(gxp—hgxp—la' o

A(gxp,gxp, e 'gxp—H) :A(fxp—lvfxp—la e
7gx17))

S (Pz (A<gxp—25gxp—27 T 7g-xp—1))

< (pn (A(gx07gx07' o ,g)C]))

this implies that

TimA(gxp, 8%, 8%p11) =0

It {gx,,} = {fxp,l} is not a Cauchy sequence in A—metric
space, then their exist an € > 0 and two sequences{my } and
{ny}, ng > my, > k of positive integers such that the following

sequences tend to € when k — oo:

A(g-xmk+l y8Xmyp+15" " s 8Xmy+1 7g-xnk+1)’ A(gxmk7g-xmk7 e

“4)

Y gxmk Y gxnk)
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Putting now in (3) xp = x,, forp=1,2,--- ,n—1and x, = x,,

we obtain

A(g-xmk+1 » 8Xmy+15 " 7gxmk+17gxnk+1>
:A(fxmk7fxn1ka e 7fxmk7fxnk)

S (P(A(gX,nk7gxmk7 e 7gxmk78xnk))

If

maX{A(gxmkvgxmk7 e 7gxmk7gxmk+l );

A(gxnkvgxnk7 e 7gxnkagxnk+l)}

= A(gxmkagxmka e 7gxmk7gxmk+l)

Letting k — o and using the assumption of the mapping ¢ we
obtain

€ < lim Q(A(gXmy, 8%my»"
t—et

Y gxmk 9 gxnk))

t

= lim ¢(7)

t—et
<€

Contradiction. Therefore the sequences { gxp} = { Sxp1 } are
Cauchy sequence. By the completeness of g(X) or (f(X)), we
obtain that {gx, }is convergent to some g € g(X). so there is
a € X such that ga = g. We will show that ga = fa. By (3)

we have

A(ga,ga,--- ,ga,fa) < (n—1)A(ga,ga,- - ,8a,8xp+1)
+A(8Xp+1,8%p+1," "+ 1 8Xp+1, fa)
<(n—1)A(ga,ga,---,8a,8%p+1)
+O(A(gxp,8xp, -+ ,8%p,8a))
<(n—1)A(ga,ga, - ,ga,8%p41)

+A(gxp7g-xp7 e 7g-x[)7ga)

By taking p — oo, we have A(ga,ga,---,ga,fa) =0 and so
ga = fa. We now show that f and g have a unique point of
coincidence. Suppose that fg = gq for some g € X. Assume

that ga # gq . By applying (3), it follows that

A(ga,ga,-~~ 7ga7gCI) :A(faafa>"' 7faan)
< (P(A(gavga7" : ,gmgq))
<A

(ga7ga7 e >ga7gq)



which leads to a contradiction. Therefore ga = gg. This im-

plies that f and g have a unique common fixed point. ®

Corollary 24 Let (X,A) be a complete A—metric space. Sup-
pose that the mapping [ : X — X satisfy
A(fxl afx2a e afxﬂ) S (Y (A(gxl y8X2, 0, 8Xp—1 7gx]7))

forall x= (x1,x2,---,xp) € XP. Where the function @ sat-

isfies liIP o(t) <t forallt >0. Then f has a unique fixed
S—1y

point.
Proof. By setting g to be the identity function on X. m

Theorem 25 Let (X,A) be an A—metric space. Suppose that
the mapping f,g: X — X satisfy

A(fxr, fxa, -, fxp) <ki@(A(gxr,gxr, -+, fx1))  (5)
+hkop(A(gx2,8%2, -, fx2))
+:

Sxp))

for all  x = (x1,x2,---,xp) € XP.kj > 0 for all i€
p

{1,2,---,ptand ¥ k; < 1.The function ¢ € ®. If the range
i=1

+hp@(A(gxp, 8xp, -+

of g contains the_range of f and one of f(X) or g(X) is a
complete subspace of X.Then f and g have a unique point of
coincidence in X. Moreover, if f and g are weakly compatible,

then f and g have a unique common fixed point.

Proof. Assume that f and g satisfy the condition (5). Let xo
be an arbitrary point in X. Since the range of g contains the
range of f, there is x such that gx; = fxo. By continuing the
process as before, we can construct a sequence {gx,} such
that gx, = fx,_ for all p € N. If there is p € N such that
8xp = fx,_1, then f and g have a point of coincidence. Thus
we can suppose that gx,1 7 gx, for all p € N. Therefore for

each p € N, we obtain that

A(gxp, 8%p, -+ 8Xp+1) = A(fxp—1,fXp-1,---  fxp)

7fxp*1))
fxp-1))

< kl(p(A(gxp,l,gxp,1,~~

+hap (A(gxp—1,8%p-1, -

+kp—l (A(gxp—hg-xp—la e 7f-xp—1))

+kp (A(8xp,8Xp, -+, fXp))
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Then

A(gxpagxpv o 'gx]7+1) S kl(P (A(gxpfl ;8Xp—1,°° 7gx17))

+k2(p (A(gxpfl y8Xp—1,° " 7xl?))
+k[7—1(p (A(g'xp—lagxp—h e 7gx17))
+kP(P (A(gxpvg-xp7 e 7g-xp+1))
p—1
< (Zl kl) A(gxp—lagxp—lv T 7gxp)
i=

+kpA(gxpagxpa T agxp+1>

Now, we have

p—1
L ki

=1
A(gxpagxp,"'gxp-‘rl) < 117]{ A(gxp—hgxp—l)'” 7gxp)
p

p—1
Y ki

_ izl
Letr= %,

then

A(gxpvgxpv o 'gxp+1) < rA(gxp,l,gx,,,l, Tt agxﬂ)

< r2A<gxp72»gxp727 e 7gx]771)

< rI’A(ng,gxo, et ag-xl)

this implies that

[}i_l;roloA(gxpagxpa o 'gxp+1) =0.

If {gx,,} = {fxp,l} is not a Cauchy sequence in A—metric
space, then their exist an € > 0 and two sequences{my;} and
{ni}, np > my, > k of positive integers such that the following

sequences tend to € when k — oo:

A(gxmk+1agxmk+1 y T 8Xmy+1 7gxnk+l)a A(gxmkagxmkv T 7gxmk7gxnk)

Putting now in (5) xp = X, for p=1,2,-- ,n—1and x, = x,,
and using the fact that

A(gxmk7gxmk7 o 7gxmk7gxmk+l) > 0 and A(gxnngnk:“‘ 7gxnk7gxnk+l) >0



we obtain

7gxmk+1,gxnk+1)
:A(fxmkafxmkv e 7fxmk7fxnk)

< kl(P (A(gxmkagxmka Tt afxmk))

A(gxmk+1 » 8Xmy+15 "

+k2(P (A(gxmk7gxmka e afxmk))

+k17(p (A(gxnkagxnk7 e ;fxnk))

hence

A(gxmk+1 y 8Xmy+1," 7gxmk+1agxnk+1)
:A(fxmkafxmka' o 7fxmk7f-xnk)
é klA(gxmkvgxmka e agxkarl)
+k2A(gxmkagxmk7 Tt ,gxkarl)
ﬂgxnk+1)

+kI7A (g'x}’lk ) gxl’lk PR

Letting kK — oo, we obtain € < 0. A contradiction. So the se-
quences {gx, } = { fx,—1} is Cauchy sequence. By the com-
pleteness of g(X) (or f(X)), we obtain that {gx, } converges
to some g € g(X). So there exists a € X such that ga = g. We
will show that ga = fa. Suppose the contrary ga # fa. By

(5), we have
A(gxpagxpa e agxpafa)
:A(f'xp*hfxp*h e 7fxp*lafa)
< kl(P(A(gxpfhgxp*la e agxpflagxp))
+k2(P(A(gxp—lag-xp—1 y 8 Xp—1 7gxl7))
+kI)(P(A(gangaa e agaafa))

Letting p — oo, we have

A(gaaga7 e ,ga,fa) S kp(p(A(ga,ga, T agavfa))
< kPA(gaaga7 e 7ga7fa)
< A(ga7ga> e 7gaafa)
we got a contradiction. So ga = fa. The proof that f and g

have a unique point of coincidence is similar to the proof of

theorem 20, so we omitted it. m
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III. APPLICATION

Later, from the previous obtained results, we deduce some
coincidence point results for mappings satisfying a contrac-
tion of an integral type as an application of Theorem 14 above.

For this purpose, let

%, x : RT — R, satisfies that y is a Lebesgue integrable,

summable on each compact of subset of R™

Y and [§ x(¢)dt > 0 for each € > 0 and subadditive, that is
E1+&+-+E), p &
J x()dt < Y [x(t)dt foreache; >0,i=1,---,p
0 i=10

1

Example 26 We consider x (x) = 1i5,X : RY — R,y is

Lebesgue integrable which is nonnegative, satisfies

E1t&r++E€p

x@)dt=In(1+e +er+-+¢p)
0

<In[(1+e&)(1+€)---(1+¢)]

=In(1+¢&)+In(1+&)+---+In(1+¢))

This shows that ) is an example of subadditive, nonnegative,

Lebesgue integrable function.

Theorem 27 Let (X,A) be an A—metric space. Suppose that
the mapping f,g: X — X satisfy

A(fxr,fx2, 0 fxp)
/ x(0)dr ®)
" max{ A(gX1,gX] P 7fx1)7A(gx27gx27 tt 7fx2)7 }
S/ "'7A(gxpagxp7"'7fxp) X(t)dt
JO

forall x= (x1,x2,---,x,) € XP. Where the function ¢ € ®.
If the range of g contains the range of f and one of f(X) or
g(X) is a complete subspace of X.Then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly

compatible, then f and g have a unique common fixed point.

Proof. For y € Y, We consider the function A : R™ —
R*defined by A(x) = [5 x(¢)dt. we note that A € ¥. Thus

the inequality (??)becomes

A(A(fXI,fx2,"' afxp)) S
A(gxlagxh'“ 7fxl)7A<gx27gx27"' 7fx2)7

A | ¢ | max
e vA(gxpvgxpv' o 7fx11)

)



Setting in (6), and Ao @ = ¢, and AcA =A; we obtain

Al(fxlafx27"' 7fxp) <
A(gxl7gx17"' ,fX]),A(g)Q,gxz,"' 7fx2)5

¢, | max
e JA(g-xp7gxp7"' 7fxp)

therefore from Theorem 14, the desired result follows. m

Example 28 Letr X = [0,2]” = [0,2] x [0,2] x --- x [0,2],

A(x1,x2,++ ,xp) = max{|x; —xa|, [x2 —x3),, |x1 — xp|}and
@ € ®. Define fx=1and gx =2 —x, x € [0,2], we obtain
that f and g satisfy (1) in theorem 20 . Indeed, we have

A(f-x1>f-x2a"' afxp) 207

(P(maX{A(gxl7gx17' o 7fx1)7A(g-x27gx27' o 7fx2),
,f-xp>})

= (p(max{|x1 _x2|7‘x2_x3‘7"'7

cee ’A(gxp)gxp,...

xl_xp”)
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Hence
0 < @(max{|x; —xa|, |x2 —x3],- - ,|x1 —xp’}) for all
x=(x1,x2,--,x,) € X

It is obvious that the range of g contains the range of f and
g(X) is a complete subspace of (X,A). Furthermore, f and g
are weakly compatible. Thus all assumptions in Theorem 14
are satisfied. This implies that f and g have a unique common

fixed point which is x = 1.
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